We study the symmetries of the post-recombination cosmological magnetohydrodynamical equations which describe the evolution of dark matter, baryons and magnetic fields in a self-consistent way. This is done both at the level of fluid equations and of Vlasov-Poisson-Maxwell equations in phase space. We discuss some consistency relations for the soft limit of the (n + 1)-correlator functions involving magnetic fields and matter overdensities. In particular, we stress that any violation of such consistency relations at equal-time would point towards an inflationary origin of the magnetic field.
Introduction
Magnetic fields appear to be ubiquitous in astrophysical and cosmological environments [1] . The largest observable magnetic fields are found inside the atmospheres of galaxy clusters with a strength of the order of the µG in the core regions. Magnetic fields are found at even larger scales; they are not associated to collapsing or gravitationally bound structures, but are coherent on scales greater than the largest known structures (about 10 2 Mpc or even the Hubble radius) and they permeate the whole universe. The magnetic fields at such different scales are possibly produced by amplification of preexisting magnetic fields via the dynamo mechanism [2] associated to a subsequent compression and turbulent flows generated during the formation of the large-scale structure. This mechanism needs some primordial seeds which may be either produced during some era much earlier than structure formation or during the formation of the first objects. In the first category falls the so-called inflationary magnetogenesis [3, 4] where magnetic fields coherent on very large (super-Hubble) cosmological scales are generated thanks to a coupling which breaks the conformal invariance of electromagnetism [5] .
In order to describe Dark Matter (DM), baryons, and magnetic fields in a self-consistent way and within a cosmological set-up, one needs to numerically solve the full set of equations of cosmological MagnetoHydroDynamics (MHD). Given the highly non-linear nature of these equations, one relies more and more on numerical simulations (see for instance Ref. [6] for a recent work) and it seems clear by now that a large-scale primordial field is needed to explain the presence of the observed magnetic fields in galaxy clusters [7] .
In this paper we wish to take a different, albeit modest, path to provide some information about the interplay between the large-scale structure formation, the magnetic fields, and their origin. Our method is based on symmetries. There is no doubt that symmetries play a crucial role in high energy physics allowing, for instance, to derive non-perturbative identities among correlation functions which remain valid even after renormalization [8] .
Symmetries are also relevant in the cosmological setting. For instance, during inflation [9] the de Sitter isometry group acts as conformal group on R 3 when the fluctuations are on super-Hubble scales.
In such a regime, the SO(1,4) isometry of the de Sitter background is realized as conformal symmetry of the flat R 3 sections and correlators are constrained by conformal invariance [10] [11] [12] [13] [14] . This applies in the case in which the cosmological perturbations are generated by light scalar fields other than the inflaton (the field that drives inflation). In the opposite case in which the inflationary perturbations originate from only one degree of freedom, one can construct consistency relations relating an n-point function to an (n + 1)-point function where the additional leg is a soft curvature perturbation, the Goldstone boson associated with a non-linearly realized symmetry. This is possible because the symmetries shift the comoving curvature perturbation ζ in a non-linear way, precisely like a Goldstone boson [15] [16] [17] [18] .
The same arguments can be applied to the case of the large-scale structure [19, 20] . Indeed, there are large-scale structure observables, such as the DM peculiar velocity, which are shifted in a non-linear way under some symmetry transformation, while the same transformation shifts the density contrasts only linearly. This gives rise to new kinds of consistency relations where the Goldstone boson is the peculiar velocity. The power of the consistency relations is that they are non-perturbative and this is very useful when studying the large-scale structure, where one has to deal with small and non-linear scales. The consistency relations in the large-scale structure have been recently the subject of an intense activity [21] [22] [23] [24] [25] [26] [27] [28] [29] as they have the virtue of being true also for the galaxy overdensities, independently of the bias between galaxies and DM. As such, they may serve as a guidance in building up the bias theory, that is the theory connecting the observed galaxy correlators to the underlying DM ones.
In this paper we wish to show that the symmetry arguments can be adopted to learn something about the correlators among the magnetic fields, the DM and the baryons in the limit in which one of the momenta is soft. Apart from this restriction, all the other momenta can correspond to non-perturbative non-linear scales. We will see that there is a nice by-product of this sort of soft-pion theorem applied to magnetic fields: the consistency relations are violated at equal-time in the case in which the seeds of the primordial magnetic fields are of inflationary origin. Testing the violation of the consistency relation therefore provides a way to test the ultimate origin of the cosmological magnetic fields we observe in the universe.
The paper is organized as follows. In section 2 we discuss the symmetries of cosmological MHD in the fluid approximation, while the full set of symmetries in phase space is described in the Appendix A.
In section 3 we derive the consistency relations involving the magnetic fields, and in section 4 we discuss the violation of the consistency relations and its implications. Finally, we conclude in section 5.
Symmetries of cosmological magnetohydrodynamics
Our starting point is a system containing the same physical content of the N-body simulations: DM particles treated as a fluid, a baryon component that behaves like an ideal conducting plasma, and the magnetic field in the post-recombination era. Moreover, our considerations are valid even in the presence of a cosmological constant, that is in a ΛCDM universe. Of course, the fluid approximation breaks down at sufficiently small scales where, for instance, the single stream approximation is no longer valid.
However, the symmetries we are going to employ extend also to the Vlasov-Poisson-Maxwell equations in phase space as we show in the Appendix A. Our considerations are therefore valid beyond the fluid approximation which we assume in the bulk of the paper for simplicity.
To treat all the components in a self-consistent way, the equations of ideal MHD have to be solved together with the DM fluid equations in a fully cosmological setting. The baryonic plasma is taken to be collisional, with small resistivity so that the equations MHD can be applied. We indicate by
the DM and the plasma overdensities defined over the mean DM density ρ c and the plasma density ρ p , respectively. In addition, we define by v c ( x, τ ) and v p ( x, τ ) the peculiar velocities of the DM fluid and plasma 1 , respectively, and by Φ( x, τ ) the gravitational potential due to density fluctuations.
The equations which specify the dynamics of DM, plasma, gravity and the magnetic field B( x, τ ) are
• the DM mass conservation
3)
• the Poisson equation
4)
• the plasma mass conservation
5)
• the plasma momentum conservation
6)
• the induction equation
• Gauss' law for magnetism
We have denoted by x the comoving spatial coordinates, dτ = dt/a the conformal time, a the scale factor in the FRW metric, H = d ln a/dτ the conformal expansion rate, B( x, τ ) the magnetic field strength, and by P p ( x, τ ) the plasma pressure. Finally, Ω c = 8πGρa 2 /3H 2 and Ω p = 8πGρ p a 2 /3H 2 are the density parameters, and µ is the permeability of the plasma.
We wish now to show that the above equations are invariant under the following set of transformations
where n(τ ) is an arbitrary time-dependent vector. In other words, if δ c ( x, τ ), v c ( x, τ ), · · · are solutions, then also δ ′ c ( x, τ ), v ′ c ( x, τ ), · · · are solutions of the cosmological MHD equations. The invariance of the Eqs. (2.2-2.8) under the transformations (2.9-2.16) can be easily checked by noticing that temporal and spatial derivatives transform as
This implies that the operators
are left invariant. Indeed, the invariance of Eqs. (2.2-2.4) has been proven in Ref. [19] , but we repeat here for the benefit of the reader. We start with the DM momentum conservation (2.3)
from which we deduce the transformation
The invariance of the Poisson equation (2.4) automatically follows. The DM and plasma mass conservations (2.2) and (2.5) respectively also follow from rewriting them as
The invariance of the plasma momentum conservation ( Finally, let us consider the induction equation (2.7). Using the fact that
and exploiting ∇ · B = 0, we can recast the induction equation in the form
which is invariant since it involves the invariant derivative D vp τ and gradients of v p . We close this section with two comments. First, the symmetry of the cosmological MHD equations are correct even though they are highly non-linear. This crucial point will allow us to find consistency relations involving the magnetic field at any scales. Secondly, if one introduces back in the plasma momentum conservation equation (2.6) and the induction equation (2.7) the terms depending on the shear viscosity and conductivity respectively, our symmetry arguments do not change. This is because the shear viscosity terms are proportional to gradients of the peculiar velocities and the conductivity terms are proportional to the Laplacian of the magnetic field.
Cosmological magnetohydrodynamics consistency relations
In this section we wish to analyze the implications of the symmetry discussed previously. Consider the n-point correlation function of short modes of the magnetic field. The symmetries of the cosmological MHD equations equations imply, for instance, that
The meaning of the Eq. (3.1) is that the correlators in the two coordinate systems have to be the same
n) satisfy the equations on motion. We can take advantage of this relation in the following way. Suppose that the n points are contained in a sphere of radius R much smaller than a long wavelength mode of size ∼ 1/q and centered at the origin of the coordinates. Since the cosmological MHD equations are invariant under the generic transformation τ → τ and x → x + n(τ ), and the DM peculiar velocity transforms non-linearly under such a symmetry
this means that we can go to a new coordinate system to cancel (or generate) a long wavelength mode for the DM velocity perturbation v cL (τ, 0) just by choosing properly the vector n(τ )
This is true if we may consider a sufficiently long wavelength mode 1/q such that the gravitational potential and its gradient can be considered constant in space on a scale of size R. This amounts to removing the time-dependent but homogeneous gravitational force via a change of coordinates 2 .
The correlator of the short wavelength modes of the magnetic field in the background of the long wavelength mode perturbation should satisfy the relation
This equation tells us that effect of a physical long wavelength DM velocity perturbation onto the short modes of the magnetic field should be indistinguishable from the long wavelength mode velocity generated by the transformation with x → x + n(τ ). Correlating with the linear long wavelength mode of the DM density contrast in momentum space, we obtain
The variation of the n-point correlator under the infinitesimal transformation is given at first-order in
Therefore we find that
In a ΛCDM model we have
We thus obtain the consistency relation
where the primes indicate that one should remove the Dirac delta's coming from the momentum conservation. If we now make the reasonable assumption that the back-reaction of the magnetic fields on the DM evolution is negligible, we may write δ cL (q, τ ) = D(τ )/D(τ in )δ cL (q, τ in ), where τ in is some initial time and D(τ ) is the linear growth factor. If so, the consistency relation can be rewritten as
where P cL (q, τ ) is the linear DM power spectrum. For instance, for the three-point correlator, we obtain
Let us check the validity of the consistency relation at second-order for the three-point correlator. From the induction equation (2.7) we deduce that at second-order we have
where B in ( x) is the initial condition for the magnetic field and we have considered it a first-order perturbation. Also, we have replaced in the induction equation v pL by v cL . This amounts to ignoring the magnetic back-reaction and the relative motion of the baryons, effectively considering a single fluid. We
Therefore at second-order we obtain
Using the fact that
and the condition k i B in i ( k) = 0, we finally obtain
which reproduces the consistency relation in the soft limit for the three-point correlator. Notice that, if the correlators are computed all at equal times, the right-hand side of Eq. (3.10) vanishes by momentum conservation and the 1/q 2 infrared divergence will not appear when calculating invariant quantities. The vanishing of the equal-time correlators in the soft limit is rooted in the fact that one can locally eliminate the zero mode and the first spatial gradient of the long and linear wavelength mode of the gravitational potential and that the response of the system on short scales is a uniform displacement. Once more, we stress that these relations are valid beyond linear order for the short wavelength modes which might well be in the non-perturbative regime. Furthermore, one could derive different consistency relations involving, for example, the correlations between the magnetic field and the plasma density contrast.
Violation of the cosmological magnetohydrodynamics consistency relations
The consistency relations we have found in the previous section are due to "projection effects" as they are a consequence of the change of coordinates induced by the long velocity mode. This implies that one expects a violation of the consistency relation in the case in which the effect of the long DM mode on the initial conditions of the magnetic field is not a coordinate transformation. If cosmic magnetic fields are produced during inflation [5] , this is precisely what happens. This is because they are likely to be correlated with the scalar curvature perturbation ζ which is responsible for both the cosmic microwave background anisotropies and the large-scale structure. Such cross-correlation might reveal the primordial nature of cosmic magnetic fields. Indeed, consider a simple model where the interaction Lagrangian between the scalar field φ driving inflation and the electromagnetic field is of the form 3
where we have used the fact that the comoving curvature perturbation is related to the linear inflation fluctuation by δφ L = −(φ ′ /H)ζ L (in the spatially flat gauge) and primes indicate differentiation with respect to the conformal time. Let us write the initial non-Gaussian initial condition for the magnetic field as
where B g is the Gaussian initial condition for the magnetic field. One therefore gets b NL = O(f ′ /f H) [34, 35] . In the squeezed limit, with the parametrization of the coupling of the form f (φ(τ )) ∼ τ n , the index n can be related to the spectral index of the magnetic field power spectrum n B = (4−2n), implying b NL = (n B − 4). In the most interesting case of a scale-invariant magnetic field spectrum n B = 0, the non-linear parameter is non-vanishing and given by b NL = −4.
In the presence of such cross-correlations between the scalar perturbation ζ and the initial condition of the magnetic field, we therefore expect modulation effects from the curvature perturbation long mode in the magnetic field power spectrum and a corresponding violation of the consistency relation at equaltime. This effect is not easy to gauge as the short modes of the magnetic field are typically in the non-linear regime. However, if the primordial tiny seeds of the magnetic fields are to be amplified, one may consider a parametrization of the magnetic field of the form
where γ is a kind of (possibly directional) growth rate. This is exactly what one finds when analyzing the effects of mildly non-linear clustering on magnetic fields frozen into a collapsing proto-cloud that is falling into a CDM potential well [36] . By ignoring the magnetic back-reaction on the baryons as well as the relative velocity between baryons and DM, the authors of Ref. [36] found that DM dominates the collapse and the gravitational anisotropy that amplifies the magnetic field. The magnetic field loses one of its components and is confined in the plane of the pancake and this picture seems to be consistent with magnetic field observations in numerous spiral and disk galaxies. At any rate, the important point is that the exponential amplification depends on the initial condition (4.2) linearly, so that
Maybe, a more robust argument is the following. Consider the induction equation (2.7). Its formal solution is
Working at linear order in the non-Gaussian parameter b NL , one can pick up the cross-correlation with the curvature perturbation ζ L either from the B in which explicitly appears in every term of the previous expression or from the one which appears implicitly in v p . In the first case, using Eq. (4.2), one immediately recovers (4.4). The second contribution is more difficult to disentangle, but we expect it to be smaller as v p depends on the magnetic field quadratically.
One has also to keep in mind that the dependence on the initial condition B in ( x), for the magnetic field at recombination, is washed out for comoving momenta larger than k d because of the dissipation of magnetic energy due to the generation of MHD waves [1, 37, 38] . Alfvén waves are the most effective in dissipating magnetic energy, and damping occurs at scales 
where B 0 is the present-day value of the large-scale magnetic field and τ rec is the conformal time at recombination. On scales larger than k −1 d the magnetic field is not damped and it retains the information about its initial conditions when the modes of the magnetic field re-enter the Hubble radius till the recombination epoch.
The three-point correlator (3.11) gets then modified to
where T (q) is the DM linear transfer function and we have assumed that the effect of baryons are negligible, so that we can take ζ L (q) = −(5/3)Φ L (q) = (5/3) · (3/2) q −2 H 2 Ω c δ cL (q). As expected, the equal-time three-point correlator is reduced to
(4.9)
A measurement of a non-vanishing equal-time three-point correlator between the magnetic field and the large-scale DM fluctuation in the soft-limit will be an indication of the inflationary origin of the magnetic field.
We reiterate that, even though the exact form of the violation might be different from the one given in Eq. (4.9), any violation of the consistency relation at equal-time would be a sign of the fact that the primordial seeds for the magnetic fields were generated during inflation. This is because no other origin can correlate with the long-wavelength DM fluctuations. As we mentioned in the introduction, there are two broad classes of models for the origin of the seed fields: either the seed fields are produced in the early universe, during epochs preceding the structure formation, or the seeds are created during the gravitational collapse leading to structure formation. The second possibility would not explain a correlation with the DM fluctuations at very large scales, that is in the initial conditions. The first possibility would also exclude causal mechanisms, such as the one where the magnetic fields are generated during phase transitions: their coherent lengths will be much smaller than the horizon scales at a given epoch. The only option left which creates a correlation between the initial magnetic field and DM seeds is a common inflationary origin. All this is worth further investigation.
Conclusions
In this paper we have focused on the symmetries enjoyed by the cosmological MHD equations. While we have certainly not described all the possible symmetries, we have identified a subset of them which allow to write well-defined consistency relations involving the soft-limit of (n + 1)-correlators between the magnetic fields and the DM fluctuations. These consistency relations have important properties: they vanish when the equal-time limit is considered, unless a cross-correlation between the magnetic field and the DM fluctuations already exists on very large-scales, that is in the initial conditions. If a violation of the equal-time consistency relation is observed, this would suggest an inflationary origin of the magnetic field seeds.
A.1 Vlasov-Poisson equations
In particular, in the case in which there is a gravitational force, the comoving momentum satisfies
where we have switched now to conformal time. Recall that Φ( x, τ ) satisfies the Poisson equation
and therefore the Vlasov-Poisson equation is written as
We will try to find symmetries of the Vlasov-Poisson equations (A.7) and (A.8) of the form
we get from
The above equation gives the condition (vanishing of the ∂f /∂y i term)
whereas, from the vanishing of the ∂f /∂Π term, we get
Now, we have the two following additional conditions to satisfy
and
where C and A are the 3 matrices (C ij ) (A ij ), respectively. Therefore, we find that ρ transforms as
Acting on Eq. (A.17) with ∂/∂x i and using Poisson equation we get
The only way this equation determines the transformation property of the overdensity δ is if
which from (A.21) gives that
In this case we get
Then, from the second condition of Eq. (A.18) we get that
Therefore we findṪ
Note that from Eq. (A.13) we get that
since from the second condition of Eq. (A.28), if B ij was a function of x i , then (A.28) will depend on the momenta p i as well. Using that
we can identify 33) and find that the second condition of (A.28) is written as
This can be expanded to obtain
Collecting our results we find that Vlasov-Poisson system is invariant under the transformations
The Every such matrix can be decomposed as
are the tracless symmetric A T (ij) and antisymetric parts A [ij] of any matrix A ij ∈ GL(3, ℜ). Clearly the trace part A ij is the one that has been employed in the previous section. It is also clear that its antisymmetric part generates vorticity since in this case
is non-zero if the antisymmetric part of A ij is non-vanishing. Notice that when det A = 1 the matrix A ij belongs to the special linear group SL(3, ℜ) and the transformations (A.36)-(A.41) read
For A ij = δ ij we get the transformation used in this paper. However, we can still generate vorticity with a matrix A ij with non-zero antisymmetric part.
A.2 Vlasov-Poisson-Maxwell
Let us now consider a collisionless plasma in the presence of gravitational, electric, and magnetic fields, E and B. Let us assume that the plasma is composed of two fluids, of particles of masses m i and charges e i , (i = 1, 2), electrons and baryons, with corresponding particle distribution functions f i ( p, x, t), and which obey the Vlasov-Poisson-Maxwell equation Similarly, the first moment equation gives
for the case of homogeneous and isotropic collapse, where P i is the pressure and ρ i = m i n i . Summing over the fluids and defining the plasma mass density function ρ p , the velocity v p and the pressure as ρ p = m 1 ρ 1 + m 2 ρ 2 m 1 + m 2 , v p = ρ 1 v 1 + ρ 2 v 2 ρ 1 + ρ 2 , P p = P 1 + P 2 , (A.58)
as well as the charge density ρ e and the current density j p as ρ e = i e i n i = e(n 1 − n 2 ), j p = i e i n i v i = e(n 1 v 1 − n 2 v 2 ), (A.59)
we find the plasma continuity equation [39] ∂(ρ 
is also invariant. In other words, we must have which is the transformation we employed in section 2. Of course, since the electric field is multiplied by the charge density ρ e and the latter vanishes for a quasi-neutral plasma, it does not enter in the momentum conservation equation.
